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A higher order zig-zag shell theory based on general tensor formulation is developed to reﬁne the predictions of the
mechanical, thermal, and electric behaviors. All the complicated curvatures of surface including twisting curvatures can
be described in a geometrically exact manner in the present shell theory because the present theory is based on the geo-
metrically exact surface representation. The in-surface displacement ﬁelds are constructed by superimposing the linear
zig-zag ﬁeld to the smooth globally cubic varying ﬁeld through the thickness. Smooth parabolic distribution through
the thickness is assumed in the out-of-plane displacement in order to consider transverse normal deformation and stress.
The layer-dependent degrees of freedom of displacement ﬁelds are expressed in terms of reference primary degrees of free-
dom by applying interface continuity conditions as well as bounding surface free conditions of transverse shear stresses.
Thus the proposed theory has only seven primary displacement unknowns and they do not depend upon the number of
layers. To assess the validity of present theory, the developed theory is evaluated under the thermal and electric load as
well as under the mechanical load of composite cylindrical shells. Through the numerical examples, it is demonstrated that
the proposed smart shell theory is eﬃcient because it has the minimal degrees of freedom. The present theory is suitable in
the predictions of deformation and stresses of thick smart composite shells under the mechanical, thermal, and electric
loads combined.
 2006 Elsevier Ltd. All rights reserved.
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In recent years, the development of integration of piezoelectric materials to the composite structures is paid
special attentions to their potential applications of aircraft, marine, automobiles which require intelligent
functions. In particular, analysis of shell smart structures is especially important, since the outer skin of most0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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smart materials which can be applied to sensor and actuator. This materials are widely used for dynamic
controller and health monitoring. Piezoelectric material is quite sensitive to the temperature variation. Thus,
accurate analysis of the shell structures in the range of high temperature and in the electric ﬁeld environment
is required. For the improved analysis of the behavior of smart structures, numerous studies have been
reported.
In the early stage of the development of models, classical/ﬁrst order shear deformation theory has been
employed to predict the mechanical behavior of embedded or surface bonded piezo-electric layers (Mindlin,
1968; Tiersten, 1970; Crawley, 1987; Ha et al., 1992; Lee, 1990). However, for the accurate prediction of static
and dynamic behavior for general layup conﬁgurations of adaptive laminated structures, the classical and ﬁrst
order shear theory are not adequate. Thus the higher order theories with smeared displacements and layerwise
electric potential ﬁelds (Tzou and Ye, 1996; Heylinger et al., 1996) and full layerwise theories (Saravanos,
1997) for both deformation and electricity have been developed. The smeared theory is not adequate to
describe the deformation behavior through the thickness because it cannot satisfy static continuity conditions
at the interfaces between layers. Layerwise theory can adequately describe the deformation behavior through
the thickness but it is not computationally eﬃcient because it employs a large number of degrees of freedom
which depends upon the number of layers. The three-dimensional and quasi-three-dimensional models are not
computationally tractable for many layered composite plates and shells. Thus many researchers are pursuing
more eﬃcient methods to accurately analyze many-layered smart shell structures. There are several simpliﬁed
zig-zag higher order shell theories. Among them, the zig-zag theory which was proposed in references (Cho
and Parmerter, 1992, 1993) and Di Sciuva (1987) are well-known examples. Cho and Oh developed zig-zag
higher order smart plate theory for the mechanical–thermal-electrically fully coupled behavior, which consid-
ers the transverse normal deformation and normal stress.
The constitutive equations of most plate/shell theories developed until now are based on the plane stress
assumption. They include transverse shear deformation eﬀect but neglect transverse normal deformation
eﬀects. It has been well known that the zig-zag pattern of displacement through the thickness under the plane
stress assumption provide accurate prediction of deformations and stresses of laminated plates/shells under
mechanical loadings (Cho and Parmerter, 1992, 1993; Cho and Kim, 2000; Toledano and Murakami, 1987;
Di Sciuva, 1987). However, in the thermo-mechanical problem, even in the moderate thick plate conﬁgura-
tions, the transverse normal deformation eﬀect cannot be neglected since the eﬀect of out-of-plane thermal
deformation is equally important compared to those of the in-plane thermal deformations (Khdeir, 1996;
Cheng and Batra, 2001). In addition, for the complete analysis of smart composite laminates under thermal
environments, full coupling eﬀects between thermal–mechanical-electricity should be considered for the reli-
able analysis. Thus it is still required to develop an accurate and eﬃcient model which can predict the static
and dynamic behaviors of smart structures under thermo-electric-mechanical coupled situations. To solve this
problems, an eﬃcient and accurate higher order zig-zag theory for smart laminated plates (Cho and Oh, 2003,
2004; Oh and Cho, 2004) has been developed. The zig-zag cubic shell theory has been developed for a mechan-
ical loading environment by Cho and Kim (1996) and the zig-zag higher order shell theory with multiple del-
amiations has been proposed by Kim and Cho (2003). However, they are based on the shallowness assumption
of shells.
In the present study, a higher order zig-zag theory for smart laminated shell is developed. The present zig-
zag cubic higher order shell theory is the extension of the previous higher order plate theory under thermo-
mechanical-electric loading combined. To predict reliable deformation behaviors, transverse normal as well
as transverse shear deformations are considered. For the eﬃcient evaluation of the mechanical behaviors,
transverse shear stress conditions are pre-imposed in the displacement ﬁeld to reduce total active degrees of
freedom. The mechanical loading is imposed as sinusoidal function. The temperature and electric load is
applied by using linear function variation through the thickness of shells. The general tensor-based formula-
tion is used for the compact description of the arbitrary shell surface geometry. There is no assumption applied
in the deformation kinematics in the thickness direction.
The developed theory does not have the layer-dependent degrees of freedom of displacement ﬁeld. Thus,
the present shell theory will be eﬃcient for analyzing the behavior of smart composite shell structures under
complex loading environments.
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Composite shells with piezo-material are considered, consisting of a ﬁnite number N of orthotropic layers
with uniform thickness (h) in a curvilinear coordinate system xa. As shown in Fig. 1, the undeformed bottom
surface X(0) of the shell is chosen as the reference surface deﬁned by x
3 = 0.
Let~r be the position vector to a point on the bottom surface of the shell. In the shell theory, we are inter-
ested in the material points in a region of space near the reference surface. The position vector of such a point
can be written asR
!ðxa; x3Þ ¼~rðxaÞ þ x3~a3ðxaÞ ð1Þwhere ~a3 is a unit vector perpendicular to the surface at point (x
a) and x3 is the distance from the reference







ðx3~a3Þ ð2ÞWe will use the convention that Greek indices range over the value 1,2. Then~ga ¼~aa þ x3~a3;a ð3Þ
where ~g3 ¼~a3, ~aa ¼~r;a are vectors tangent to the surface coordinate curves and comma means partial
diﬀerentiation.
We note that the vector d~r between two points an inﬁnitesimal distance apart in the reference surface isd~r ¼ o~r
oxa
dxa ¼ dxa~aa ð4ÞThe ﬁrst fundamental form is deﬁned by the metric tensor as follows:ds2 ¼ d~r  d~r ¼ aab dxa dxb ð5Þ
and surface tensor components bab is deﬁned by the following linear mapping:~a3;a ¼ bab~ab ¼ bba~ab ð6Þ
where~aa is the reciprocal base vectors to~aa. The second fundamental form is deﬁned by the surface tensor as
follows:d~r  d~a3 ¼ bab dxa dxb ¼ babdxa dxb ð7Þ









Fig. 1. Geometry of laminated shell with piezo material.
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ð9Þwhere lba and ðl1Þba denote the shifter tensor and its inverse, respectively. The shift tensor and its inverse are





k ð10Þwhere dba is the mixed Kronecker delta, e
bk and eam are the two-dimensional permutation tensors, and l is the
determinant of lba .
The displacement vector ~V ðxiÞ of the shell can be expressed as follows:V
!¼ V a~ga þ V 3~g3 ¼ U a~aa þ U 3~a3;
V a ¼ lbaUb; V 3 ¼ U 3
ð11ÞThe relationships between covariant diﬀerentiation of the three-dimensional components and two-dimensional
components of the displacement vectors are expressed asV ajb ¼ lmaðU mjjb  bmbU 3Þ; V aj3 ¼ lbaUb;3;
V 3ja ¼ U 3jja þ bbaUb; V 3j3 ¼ U 3jj3
ð12Þwhere j and k denote the covariant derivatives in the three-dimensional space and two-dimensional shell sur-
face space, respectively.
3. Displacement model
The Helmholtz free energy may be written as follows and it can be found in the paper of Dokmeci (1980):F ðeij;Ei; hÞ ¼ 1
2
Cijkleijekl  eijkEiejk  1
2
bijEiEj  kijheij  diEih 1
2
aTh
2 ð13ÞIn the above equation eij, Ei, and h are the components of the strain tensor, the electric ﬁeld vector, and the
temperature ﬁeld vector respectively. The coeﬃcients Cijkl, eijk, and bij correspond to the elastic constants, the
piezoelectric constants, and the dielectric permittivity. The quantities kij and di are the thermal–mechanical
and the thermal-piezoelectric coupling constants respectively. aT is deﬁned as CE/T0. Here, CE and T0 are
the heat capacity and the initial temperature.
The constitutive equations for fully coupled thermo-mechanical-electric materials are given asrij ¼ oF
oeij
¼ Cijklekl  eijkEk  kijh
Di ¼  oF
oEi
¼ eijkejk þ bijEj þ dih
S ¼  oF
oh
¼ kijeij þ diEi þ aTh
ð14Þwhere rij and Di are the components of the stress tensor and electric displacement vector. S denotes entropy.
h = T  T0 is the temperature rise from the initial reference temperature T0. Ei is the components of the elec-
tric ﬁeld vector. bij is the dielectric permittivity and kij and di refer to the thermal–mechanical and the thermal-
piezoelectric coupling constants.
In the case of considering partial coupling, the constitutive equation in the ﬁrst line given in Eq. (14) is only
used for the analysis. Based on linear piezoelectricity, Ei can be expressed from a scalar potential function / as
follows:
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The conﬁguration of the smart laminated composite shell with piezo material is shown in Fig. 1.
In this study, in order to analyze hybrid smart composite shells by partially coupled higher order zig-zag
theory, a zig-zag higher order in-plane displacement ﬁeld is obtained by superimposing the zig-zag linear ﬁeld
to the globally cubic varying ﬁeld. In order to include the transverse normal eﬀect which is signiﬁcant in
thermo-mechanical problems, the out-of-plane displacement ﬁeld may be assumed to independently in each
layer. However, for the simplicity and eﬃciency in the present study, the out-of-plane displacement ﬁeld is
assumed as globally parabolic form through the thickness.
To model the laminated composite shell with piezoelectric layers, the representation of the displacement
ﬁeld is assumed as follows:U aðxiÞ ¼ uaðxb; x3Þ þ waðxb; x3Þx3 þ naðxb; x3Þðx3Þ2 þ /aðxb; x3Þðx3Þ3 þ
XN1
k¼1
SðkÞa ðx3  x3ðkÞÞHðx3  x3ðkÞÞ ð16Þ
U 3ðxiÞ ¼ u3ðxb; x3Þ þ r1ðxb; x3Þx3 þ r2ðxb; x3Þðx3Þ2 ð17Þwhere ui denote the displacement of a point (x
a) on the reference surface, wa are the rotations of the normal to
the reference surface about the xa coordinate, N is the number of layers and Hðx3  x3ðkÞÞ is the Heaviside unit
step function. The variable SðkÞa is the change of transverse shear angle in each layer. It is introduced to fulﬁll
the continuity conditions of transverse shear stress at the perfectly bonded interfaces between the layers.
Geometry of laminated shell with piezoelectric material is shown in Fig. 1.
Green’s strain tensor is expressed in the general curvilinear coordinate system.eij ¼ 1
2
ðV ijj þ V jji þ V kjiV kjjÞ ð18ÞAdopting the von Karman partial nonlinearity, the strain components eij of the shell can be obtained as the
special case of Eq. (18).eab ¼ 1
2
ðV ajb þ V bja þ V 3jaV 3jb þ V 3jaV 03jb þ V 03jaV 3jbÞ
ea3 ¼ 1
2
ðV aj3 þ V 3jaÞ
e33 ¼ V 3j3
ð19ÞThe covariant shear-strain components of the shell with respect to ~ai can be obtained as follows:2ea3 ¼ U a;3 þ U 3jja þ bbaðUb  x3Ub;3Þ ð20Þ
Substitution of Eqs. (16) and (17) into Eq. (20) yield the following transverse shear strain components in
terms of the displacement components:!2ea3 ¼ wa þ 2naðx3Þ þ 3/aðx3Þ2 þ
XN1
k¼1
SðkÞa Hðx3  x3ðkÞÞ þ u3jja þ r1jjax3 þ r2jjaðx3Þ2





SðkÞb ðx3  x3ðkÞÞHðx3  x3ðkÞÞ
x3 wb þ 2nbðx3Þ þ 3/bðx3Þ2 þ
XN1
k¼1
SðkÞb Hðx3  x3ðkÞÞ
 !)
¼ wa þ u3jja þ bbaub þ r1jjax3 þ r2jjaðx3Þ2 þ 2ðx3Þðl1Þbanb þ 3ðx3Þ2ðl2Þba/b þ
XN1
k¼1
ðlðkÞÞbaSðkÞb Hðx3  x3ðkÞÞ
ð21Þ

















ð22ÞThe transverse normal strain is given ase33 ¼ V 3j3 ¼ U 3j3 ¼ U 3;3 ¼ r1 þ 2r2x3 ð23Þ
The deﬁnition and the inverse of shifter tensor ðl1ðkÞÞba for laminated shell in Eq. (22) was deﬁned in Ref.
(Librescu and Schmidt, 2001). Traction shear stress free conditions for the upper and lower surfaces of the
shells require free strain conditions ea3jx3¼0;h ¼ 0 because the shear stresses depend only on the transverse shear





2Þba/b þ r1jjahþ r2jjaðhÞ2 þ
XN1
k¼1









ð27Þwhere the quantities related to shifter tensor are given asðl_1Þba ¼ ðl1Þba jx3¼h ¼ lba jx3¼h=2
ðl_2Þba ¼ ðl2Þba jx3¼h ¼ lba jx3¼2h=3
ðl_11 Þab ¼ ðl1Þabjx3¼h=2
ð28ÞFrom the above Eqs. (26) and (27), the transverse shear strains are obtained by2ea3 ¼ pkar1jjk þ qkar2jjk þ dca/c þ
XN1
k¼1





ð29Þwherepka ¼ dkax3  x3ðl1Þbaðl
_1
1 Þkb
qka ¼ dkaðx3Þ2  x3ðl1Þbaðl
_1
1 Þkbh








ð30ÞIn each interface, transverse shear stress continuity conditions are imposed. These continuity conditions can
be written as follows:ðm1Þra3jx3¼x3ðm1Þ ¼
ðmÞra3jx3¼x3þðm1Þ ðm ¼ 2; . . . ;NÞ ð31ÞFrom the above continuity conditions given in Eq. (31), we obtain 2(N  1) linear algebraic equations for
2(N  1) unknowns SðkÞc . From the algebraic equation, the unknown variable SðkÞc can be obtained as follows
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Thus the continuity of transverse shear stresses between layers determines the change of slope SðkÞa at each
interface. In Eq. (32), the term ðaðkÞÞxc /x represents the change in slope at each interface and depends only on
the material properties and thickness of each layer.
Finally, substitution of Eqs. (26), (27) and (32) into Eqs. (16) and (17) yieldsU a ¼ lbaub  u3jjax3 
ðl_11 Þka
2h










ððbðkÞÞxa r1;x þ ðcðkÞÞxa r2;xÞðx3  x3ðkÞÞHðx3  x3ðkÞÞ ð33Þ
U 3 ¼ u3 þ r1x3 þ r2ðx3Þ2 ð34Þ














ðaðkÞÞbaðx3  x3ðkÞÞHðx3  x3ðkÞÞ
ð35Þ
If both the curvature terms are neglected, the above displacement ﬁeld given in Eqs. (33) and (34) reduces to
the perfectly bonded plate version proposed by Cho and Parmerter (1992, 1993).
From Eq. (19), the strain components based on general tensor-based theory for composite shell are
obtained aseab ¼ 1
2
lmaðU mjjb  bmbU 3Þ þ lmbðU mjja  bmaU 3Þ þ U 3jjaU 3jjb þ bcbU cU 3jja þ blaUlU 3jjb þ blabcbUlU c
 
ð36Þ
2ea3 ¼ U a;3 þ U 3jja þ bbaðUb  x3Ub;3Þ ð37Þwhere Cmab is the second kind of Christoﬀel symbol for two-dimensional shell reference surface. After neglecting
nonlinear terms, the strain components are deﬁned by collecting the terms involving the coeﬃcients of the
same power of x3 power terms and Heaviside unit step function:eab ¼ eð0Þab þ eð1Þab x3 þ eð2Þab ðx3Þ2 þ eð3Þab ðx3Þ3 þ eð4Þab ðx3Þ4 þ
XN1
k¼1





3ðx3  x3ðkÞÞHðx3  x3ðkÞÞ
e33 ¼ eð0Þ33 þ eð1Þ33 x3 ð38Þ
2ea3 ¼ eð1Þa3 x3 þ eð2Þa3 ðx3Þ2 þ eð3Þa3 ðx3Þ3 þ
XN1
k¼1
eðkÞa3 Hðx3  x3ðkÞÞwhereeð0Þab ¼ ua;b  Cmabum  babu3






















ðlðkÞÞckððbðkÞÞxc r1;xb þ ðcðkÞÞxc r2;xbÞ
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ðl_11 Þkm
2h




















ðlðkÞÞckððbðkÞÞxc r1;x þ ðcðkÞÞxc r2;xÞ
!
 babr2 þ bcablcul;b þ bcau3;cb  bcaCmcbblmul  bcaCmcbu3;m þ bcabcbr1 ð39Þ
eð3Þab ¼ /a;b  Cmab/m þ bca
ðl_11 Þkc
2h










































ðlðkÞÞckððbðkÞÞxc r1;x þ ðcðkÞÞxc r2;xÞ þ bcabcbr2
eð4Þab ¼ bca/c;b þ bcaCmcb/m
ekab ¼ ðaðkÞÞla/l;b þ ðbðkÞÞxa r1;xb þ ðcðkÞÞxa r2;xb  CmabðaðkÞÞbm/b  CmabððbðkÞÞxm r1;x þ ðcðkÞÞxm r2;xÞ




f3h2ðl_2Þcb/c þ r1jjbhþ r2jjbðhÞ2 þ
XN1
k¼1
ðlðkÞÞcbSðkÞc g þ r1jja










eðkÞa3 ¼ ðSðkÞa  bbaðx3ðkÞÞSðkÞb Þ
eð0Þ33 ¼ r1
eð1Þ33 ¼ 2r2 ð41ÞThrough the virtual work principle, varitionally consistent governing equations and boundary conditions
can be derived. The virtual work principle is expressed asZ
V
rabdeab þ 2ra3dea3 þ r33de33 dV ¼
Z
X
PdU 3 dX ð42ÞThe steady state equilibrium equations are obtained in the following forms:dul : Nlb;b þ blaMab;b  ClabN ab þ CmabMabblm þ blaMab;b  bcablcMabð2Þ;b þ bcaClcbMab  bcaCmcbblmMabð3Þ ¼ 0 ð43Þ
du3 : Mab;ba  CmabMab;m  babN ab þ bcaMabð2Þ;bc þ bcaCmcbMabð2Þ;m þ bcabcbMab ¼ p3 ð44Þ



































































ðaðkÞÞlmRabðkÞð1Þ þ 3V lð2Þ




























ðlðkÞÞckððaðkÞÞlcV að2ÞÞ ¼ 0 ð45Þ























































ðRabðkÞð1Þ;xÞ þ bcabcbMabð2Þ  V að1Þ;a






















ðlðkÞÞckððbðkÞÞxc V að2Þ;xÞ þ N 3dr1 ¼ 0 ð46Þ























































ðRabðkÞð1Þ;xÞ þ bcabcbMabð3Þ  V að2Þ;a






















ðlðkÞÞckððcðkÞÞxc V að2Þ;xÞ þ 2M3 ¼ 0 ð47Þwhere the deﬁnitions of the resultant quantities are expressed as½N ab;Mab;Mabð2Þ;Mabð3Þ;Mabð4Þ ¼
Z h
0




rabðx3  x3ðkÞÞHðx3  x3ðkÞÞ½1; x3dx3 ð49Þ
½V að1Þ; V að2Þ; V að3Þ;QaðkÞ ¼
Z h
0
ra3½x3; ðx3Þ2; ðx3Þ3;Hðx3  x3ðkÞÞdx3 ð50Þ
The equilibrium equations given in Eqs. (46) and (47) are the contributions from the transverse normal eﬀect.
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For the numerical assessment of the performance of the proposed model, circular cylindrical shell under
simply supported boundary conditions is considered. They are under mechanical, thermal, and electric loads,
respectively. The geometry and loading condition of cylindrical shell are shown in Figs. 2 and 3.
The constitutive equations in the general curvilinear shell surface coordinates are provided. The elastic con-
stants in general curvilinear coordinates are expressed in terms of the quantities in the local rectangular Carte-
sian coordinates and the base vector transformations.
In the general curvilinear coordinates, constitutive equations are given asrij ¼ Cijklekl  ekijEkij  kijh ð51Þ
whereCijkl ¼ Cpqrsð~gi ~epÞð~gj ~eqÞð~gk ~erÞð~gl ~esÞ
ekij ¼ elpqð~gi ~epÞð~gj ~eqÞð~gk ~elÞ
kij ¼ kpqð~gi ~epÞð~gj ~eqÞ
ð52Þwhere Cijkl, ekij, kij are the elastic constants, the piezoelectric constants, and the thermal–mechanical coupling
constants in the general curvilinear global coordinate system (x1,x2,x3) and Cpqrs, elpq, kpq are material prop-
erties in local Cartesian coordinate system (x,y,z).~gi is the contravariant base vector in xi and~ei is the ortho-
normal base vector in (x,y,z).
Also, by using transformation matrix, the constitutive equation in the general curvilinear coordinates is



















Fig. 3. Geometric conﬁguration of cylinder model.
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 fT rgfCijklgfT ag1faklgx1;x2;x3h ð53Þwhere {Tr}, {TE}, and {Ta} are the transformation matrices.
In order to satisfy simple-supported boundary conditions in the cylindrical coordinates, displacement, tem-



















































































ð60ÞSubstituting Eqs. (54)–(60) into Eqs. (38)–(42), the coeﬃcients u1mn, u2mn, u3mn, /1mn, /2mn, r1mn, r2mn are
determined.
In the mechanical loading case in the cylindrical shell, doubly sinusoidal transverse load distributions are











ð61ÞIn the thermal loading case, temperature is assumed sinusoidal in the reference plane and assumed linear
through the thickness. They are expressed asT ðx1; x2; x3Þ ¼ T 0ðx1; x2Þ þ T 1ðx1; x2Þx3 ð62Þ



































ð65ÞIn the mechanical loading case, three-layered cross-ply laminates are considered. As shown in Figs. 4(a)–
4(k) in the thick and moderately thick laminate conﬁgurations ((R + h/2)/h = 4, (R + h/2)/h = 10, and
[90/0/90]
Out-of plane displacement  (S=10)






















Fig. 4(b). Out-of plane displacement under mechanical loading.
[90/0/90]
Stress xx   (S=4)






















Fig. 4(c). In-plane stress rh11i under mechanical loading.
[90/0/90]
Out-of plane displacement  (S=4)





















Fig. 4(a). Out-of plane displacement under mechanical loading.
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very accurately compared to Varadan’s exact elasticity solutions (Varadan and Bhaskar, 1991).
The transverse shear and normal stresses are obtained by integrating 3-D local stress equilibrium equations
through the thickness of laminates. The same order of accuracy as the present theory can also be obtained by
the EHOPT (Eﬃcient Higher Order Plate Theory) with cubic zig-zag in-plane displacement ﬁeld (Cho and
[90/0/90]
Stress xx (S=10)





















Fig. 4(d). In-plane stress rh11i under mechanical loading.
[90/0/90]
Stress xy (S=4)






















Fig. 4(e). In-plane stress rh12i under mechanical loading.
[90/0/90]
Stress yy (S=4)






















Fig. 4(f). In-plane stress rh22i under mechanical loading.
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normal deformation and stress eﬀects do not contribute signiﬁcantly to the accuracy of the prediction of stresses
and deformation through the thickness under the mechanical loading. The transverse deﬂection throughout the
thickness of laminate is almost constant as shown in Figs. 4(a) and 4(b). The distributions of the in-plane stres-
ses for the various thickness ratios are shown in Figs. 4(c) and 4(d). As the thickness ratio becomes above 10, the
[90/0/90]
Stress yy (S=10)





















Fig. 4(g). In-plane stress rh22i under mechanical loading.
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Fig. 4(h). Transverse shear stress rh31i under mechanical loading.
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Stress zy (S=4)





















Fig. 4(i). Transverse shear stress rh32i under mechanical loading.
J. Oh, M. Cho / International Journal of Solids and Structures 44 (2007) 100–127 113diﬀerence of solutions between the present theory and 3-D exact solution gets very small but the diﬀerence
between FSDT and exact one decays slowly. In Fig. 4(e), the in-plane shear stress of the present theory is com-
pared to the results of other theories such as FSDT, TSDT, and 3-D exact. Among the various theories, the
prediction of the present theory is the closest to the elasticity solution at the top and bottom surfaces. As shown
in Figs. 4(f) and 4(g), the gap of in-plane stress rh22i at the interfaces between layers becomes smaller as the
[90/0/90]
Stress zz




















Fig. 4(j). Transverse shear stress rh33i under mechanical loading.
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Stress zz (S=10)




















Fig. 4(k). Transverse shear stress rh33i under mechanical loading.
114 J. Oh, M. Cho / International Journal of Solids and Structures 44 (2007) 100–127thickness ratio increases. In the Figs. 4(h) and 4(i), the transverse shear stresses in the thick shell case are com-
pared. The curvature eﬀects of the shell do not hold the symmetric distribution of transverse shear stress even in
the symmetric lamination conﬁgurations. These eﬀects make maximum stress position through the thickness
move into the inner position of the composite shell in the thickness direction. As shown in Fig. 4(h), the trans-
verse shear stresses of the present shell theory are in good correlations with those of the elasticity solution com-
pared to that of Cheng. In the same conﬁguration, the transverse normal stresses subject to internal pressure are
plotted in Figs. 4(j) and 4(k). From these ﬁgures, it is observed that the distribution of the transverse normal
stress has the parabolic patterns. Its detailed shape is depicted in Fig. 4(k). As seen in Fig. 4(k), the normalized
transverse normal stress has a value of 1 at the inner surface since internal pressure is applied at that position
and the stress value at the outer surface is 0 due to the stress free condition at the outer surface. The material
properties used in the example of the mechanical loading case are given in Table 1.
The approach of integration of equilibrium equation through the thickness of shells are shown in the fol-
lowing form:rh13i ¼  1ðRþ x3Þ
Z
ðRþ x3Þrh11i;x1 þ Rrh12i;x2 dx3 ð66Þ
rh23i ¼  1ðRþ x3Þ2
Z
ðRþ x3ÞRrh22i;x2 þ ðRþ x3Þ2rh21i;x1 dx3 ð67Þ
rh33i ¼  1ðRþ x3Þ
Z
ððRþ x3Þrh31i;x1 þ Rrh32i;x2  rh22iÞdx3 ð68Þ
Table 1
Material properties used in numerical examples
Material property [90/0/90]
EL = 172.37 · 109 (Pa)
ET = 6.895 · 109 (Pa)
GLT = 3.4475 · 109 (Pa)
GTT = 1.379 · 109 (Pa)
mLT = 0.25
mTT = 0.25
aLL = 0.02 · 106(/C)
aTT = 22.5 · 106 (/C)
J. Oh, M. Cho / International Journal of Solids and Structures 44 (2007) 100–127 115where brackets mean the physical components and 1, 2, and 3 represent coordinate x1, x2, and x3. The detail
expressions of transverse shear and normal stresses are given in Appendix B. The transverse shear and normal
stresses is carried by using the Gaussian integration formula with the 8 Gauss points per layer. Therefore for
the problem of sinusoidally varying stresses in the in-plane direction, the accurate description of rzx and rzy
are critical in the reliable prediction of interlaminar normal stress rzz. The derivatives of transverse shear stres-
ses rzx,x and rzy,y are summed up and integrated to obtain the stress rzz.
The thermal loading cases are given for two diﬀerent layup conﬁgurations. The ﬁrst layup [0/90/0] shown in
Figs. 5(a)–5(c) is for the constant thermal loading case through the thickness and second layup [90/0/90]
shown in Figs. 5(d)–5(f) is for the linear loading case. In the example of the ﬁrst layup conﬁguration, the
results of thick and moderately thick cases ((R + h/2)/h = 4, (R + h/2)/h = 10, and L/(R + h/2) = 10) are com-
pared to those of the classical shell theory (CST), the ﬁrst-order shear deformation theory (FSDT), the higher-
order shear deformation theory (HSDT), and the results given by Cheng et al. (2000). The present theory pre-
dicts considerably diﬀerent results from others in the thick shell case, since the present theory considered the
transverse normal deformation. As shown in Fig. 5(a), the deﬂection of present theory is larger than those of
the other theories and the present prediction is the closest to that of Cheng et al. (2000). Fig. 5(c) shows that
the in-plane stress of cubic zig-zag theory without considering transverse normal eﬀect is signiﬁcantly deviated
from that of the present theory. Thus the transverse normal eﬀect cannot be neglected in the thermo-mechan-
cial problem. The TSDT proposed by Cheng et al. (2000) is also a higher order cubic theory but the present
one has exact geometric relationship between strain and displacement by considering the fourth order strain
ﬁeld. Thus, there are some discrepancies in the prediction between the present one and TSDT by Cheng et al.
(2000). However, in the thin shell limit, all the theories provide almost identical results. The material proper-
ties used in the example with [0/90/0] layup conﬁguration is given asEL ¼ 172:5 GPa; ET ¼ 6:9 GPa; GLT ¼ 3:45 GPa; GTT ¼ 1:38 GPa;
mLT ¼ mTT ¼ 0:25; aTT=aLL ¼ 3 ð69Þ[0/90/0]
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Fig. 5(c). In-plane stress rh11i under thermal loading.
[90/0/90]
Stress xx (S=4)



















Fig. 5(d). In-plane stress rh11i under thermal loading (T0 = 50 C, T1 = 100 C).
116 J. Oh, M. Cho / International Journal of Solids and Structures 44 (2007) 100–127In the second layup case, the displacements and stresses of composite shell subject to linear thermal loading
are evaluated. It can be also found in Figs. 5(d)–5(f) that the predictions of present theory are considerably
diﬀerent from those of the same theory without transverse normal eﬀect. Although the continuity conditions
[90/0/90]
Stress zx  (S=4)



















Fig. 5(e). Transverse shear stress rh31i under thermal loading (T0 = 50 C, T1 = 100 C).
[90/0/90]
Stress zz (S=4)



















Fig. 5(f). Transverse shear stress rh33i under thermal loading (T0 = 50 C, T1 = 100 C).
J. Oh, M. Cho / International Journal of Solids and Structures 44 (2007) 100–127 117of transverse shear stresses are imposed in both theories, the transverse shear stress distribution through the
thickness is quite diﬀerent from each other. The inclusion of transverse normal strain eﬀects in the present the-
ory makes the accurate the prediction of laminates under thermal loading. In thermal load case, the presentTable 2





E1 = E2 = 61 · 109 (Pa) EL = 181 · 109 (Pa)
E3 = 53.2 · 109 (Pa) ET = 10.3 · 109 (Pa)
G12 = 22.6 · 109 (Pa) GLT = 7.17 · 109 (Pa)
G13 = G23 = 21.1 · 109 (Pa) GTT = 2.87 · 109 (Pa)
m12 = 0.35 mLT = 0.28
m13 = m23 = 0.38 mTT = 0.33
a11 = a22 = 1.5 · 106 (/C) aTT = 22.5 · 106 (/C)
a33 = 2.0 · 106 (/C) aLL = 0.02 · 106 (/C)
d31 = 171 · 1012 (m/V)
d32 = 171 · 1012 (m/V)
d33 = 374 · 1012 (m/V)
d24 = 584 · 1012 (m/V)
d15 = 584 · 1012 (m/V)
Table 3
Displacement and stresses for mechanical loading comparison between the present and the exact solution
S U h3i (h/2) rh11i (0)(h) rh22i (0)(h) rh12i (0)(h) rh13i (h/3) rh23i (h/2) rh33i (h/2)
Mechanical loading case
4 Exact 4.009 0.2701 9.3230 0.1609 0.1736 2.33 0.62
0.1270 6.5450 0.1081
TSDT 4.08 0.1385 11.087 0.1792
0.1154 5.7274 0.09025
FSDT 3.79 0.0721 4.8418 0.1453
0.0857 3.3020 0.07418
Cheng 3.6 0.1292 10.528 0.1624 0.1368 2.0037
0.1212 7.0102 0.0899
Present (zig-zag) 3.58 0.38 10.7 0.155 0.165 2.02 1.1
0.18 7.2 0.1
10 Exact 1.223 0.0791 5.224 0.0729 0.0826 3.264 1.27
0.0739 4.683 0.0374
TSDT 1.1834 0.0579 5.4655 0.07525
0.0715 4.6653 0.0328
FSDT 1.0716 0.0469 4.4158 0.0659
0.0603 3.800 0.0278
Cheng 1.2033 0.0563 5.307 0.07569 0.07746 3.24028
0.0723 4.699 0.03343
Present (zig-zag) 1.22 0.08 5.3 0.073 0.0793 3.24 1.21
0.043 4.67 0.0371
100 Exact 0.4715 0.002 3.5070 0.1038 0.1223 3.127 8.30
0.0838 3.5070 0.0478
TSDT 0.4727 0.00199 3.5152 0.10428
0.08414 3.533 0.04812
FSDT 0.4717 0.0019 3.5162 0.10411
0.0838 3.5157 0.04807
Cheng 0.4711 0.00197 3.5062 0.10393 0.1221 3.1256
0.0837 3.5047 0.04798
Present (zig-zag) 0.472 0.004 3.5 0.1039 0.121 3.11 8.2
0.08 3.5 0.048
For numeric analysis, a (90/0/90) circular cylinder under simply supported condition is considered.
The non-dimensional parameters are
ðU h3iÞ ¼ ð10ELÞ=ðP 0hS4ÞU h3i; ðrh11i; rh22i; rh12iÞ ¼ ðrh11i; rh22i; rh12iÞ10=ðP 0S2Þ
ðrh13i; rh23iÞ ¼ ðrh13i;rh23iÞ10=ðP 0SÞ; ðrh33iÞ ¼ ðrh33iÞ=P 0S and S ¼ ðRþ h=2Þ=h;L=h ¼ 4S
Table 4
Displacement and stresses for thermal loading comparison between the present and the exact solution
S CST FSDT HSDT Cheng Present (zig-zag)
Thermal loading case
10 U h3iðhÞ 1.1280 1.1284 1.1284 1.1792 1.196
rh11iðhÞ 0.2157 0.2147 0.2147 0.2332 0.2378
rh22iðhÞ 0.1251 0.1255 0.1254 0.1812 0.164
100 U3ðhÞ 0.1186 0.1186 0.1186 0.1187 0.1188
rh11iðhÞ 0.0111 0.0111 0.0111 0.0110 0.0110
rh22iðhÞ 0.0176 0.0176 0.0176 0.0182 0.0180
The non-dimensional parameters are
ðU h3iÞ ¼ U h3i=ðhaLðT 0ÞS2Þ; ðrh11i; rh22iÞ ¼ ðrh11i;rh22iÞ=ðET aLðT 0ÞÞ
ðrh13i; rh23iÞ ¼ ðrh13i;rh23iÞ=ðELaLðT 0ÞÞ; ðrh33iÞ ¼ ðrh33iÞ and S ¼ ðRþ 0:5Þ=h; L=h ¼ 10S
118 J. Oh, M. Cho / International Journal of Solids and Structures 44 (2007) 100–127theory (PT) provides much better prediction of stresses and displacements compared to those of the cubic zig-
zag theory without transverse normal eﬀect (zig-zag r = 0). The material properties of the [90/0/90] layup used
J. Oh, M. Cho / International Journal of Solids and Structures 44 (2007) 100–127 119in the numerical example are given in Table 1. The detailed numerical results of solutions are provided in
Tables 3 and 4 for both mechanical and thermal load cases. It is conﬁrmed from Tables 3 and 4 that the pres-
ent theory predicts the transverse stresses better than the others in the thick shell case.
The electric loading cases with material properties given in Table 2 are shown in Figs. 6(a)–6(d). Composite
laminates with surface bonded piezoelectric actuators, subjected to externally applied electric ﬁeld loads, are[90/0/90/0/0/90/0/90/Piezo]
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Fig. 6(a). Out-of plane displacement under electric loading.
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Fig. 6(b). In-plane stress rh11i under electric loading.
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Fig. 6(c). Transverse shear stress rh31i under electric loading.
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Fig. 6(d). Transverse shear stress rh33i under electric loading.
120 J. Oh, M. Cho / International Journal of Solids and Structures 44 (2007) 100–127considered. The electric voltages as an electric ﬁeld loads are applied from 40 V to 100 V and the electric
charge on the outer and inner surfaces is set to zero. The non-dimensional thickness and length are (R +
h/2)/h = 4, L/(R + h/2) = 4. As shown in Fig. 6, all the stresses have maximum value in the piezo-layer.
Fig. 6(a) shows the deﬂection through the thickness of the shell under electric loads. It has a parabolic proﬁle
through the thickness. As shown in Fig. 6(b), the in-plane stresses are predicted for the various values of volt-
age. In applying voltage in the piezo-layer, the transverse shear stress has same sign through the thickness but
transverse normal stress has the stress value which oscillates and changes sign through the thickness. Through
the distributions of transverse stresses shown in Figs. 6(c) and 6(d), the continuity condition and bounding
surface condition of transverse shear and normal stress are well satisﬁed.
5. Conclusions
A new higher order zig-zag theory is developed to enhance the prediction of partially coupled mechanical,
thermal, and electric responses of smart composite thick shells. By imposing transverse shear stress free con-
ditions of top and bottom surfaces and interface transverse shear stress continuity conditions between layers,
the layer-dependent displacement variables can be eliminated. The ﬁnal form of displacement ﬁelds has only
reference primary variables. In the kinematical relation between strain measures and displacements, there is no
shallowness assumption imposed. Thus, the exact rigorous description of shell surface geometry makes the
prediction of the thickness direction deformation and stresses reliable.
Through the numerical examples of static responses, it is observed that the transverse normal deformation
eﬀect is not negligible in the situations that the electric and thermal loads are applied. The present theory dem-
onstrated its accuracy in predicting deformations and interlaminar stresses because it includes the eﬀect of
transverse normal deformation and stress. For the accurate prediction of interlaminar stresses, the integration
of 3-D local stress equilibrium equations is required in the present theory as other higher order shell theories
do. The idea of Gauss numeric integration is utilized to calculate the higher order term in the 3-D stress equi-
librium equations. However, in some layup conﬁgurations, the prediction of interlaminar normal stress under
thermal loads is not reliable in the thick range of laminates. For the accurate prediction of interlaminar nor-
mal stresses, higher order polynomial up to the ﬁfth order may be required in the displacement ﬁeld.
The present shell theory can serve as a powerful tool to predict the thermo-electric-mechanical behavior of
smart composite shell with embedded or attached piezo-electric sensor and/or actuator. A ﬁnite element based
on the present theory should be implemented for the practical thick smart composite shell problem with gen-
eral layup, geometry, boundary, and loading conditions and it is now in progress.
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The transverse shear continuity conditions for x3 > 0 at x3 ¼ x3m1, m = 2, . . . ,N
ðx3m ¼ upper surface of mth layerÞ areðm1Þra3jx3¼x3ðm1Þ ¼
ðmÞra3jx3¼x3þðm1Þ ðm ¼ 2; . . . ;NÞThese transverse shear continuity conditions at the interfaces can be expressed by the following matrix
equation.a1;1 a1;2 a1;3 . . . . . . . . . a1;2N3 a1;2ðN1Þ
a2;1 a2;2 a2;3 . . . . . . . . . a2;2N3 a2;2ðN1Þ
a3;1 a3;2 a3;3 . . . . . . . . . a3;2N3 a3;2ðN1Þ
. . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . .
a2m1;1 a2m1;2 a2m1;3 . . . . . . . . . a2m1;2N3 a2m1;2ðN1Þ
a2m;1 a2m;2 a2m;3 . . . . . . . . . a2m;2N3 a2m;2ðN1Þ
. . . . . . . . . . . . . . . . . . . . . . . .






















































































































































ðr2jj2Þwhere DQmij ¼ Qmþ1ij  Qmij
(2m  3)th row:a2m3;1 ¼ a2m3;2 ¼ a2m3;3 ¼    ¼ a2m3;m2





















a2m3;m ¼ a2m3;mþ1 ¼    ¼ a2m3;N1












a2m3;N ¼ a2m3;Nþ1 ¼ a2m3;Nþ2 ¼    ¼ a2m3;Nþm3
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 !(2m  2)th row:a2m2;1 ¼ a2m2;2 ¼ a2m2;3 ¼    ¼ a2m2;m2

























a2m2;m ¼ a2m2;mþ1 ¼    ¼ a2m2;N1












a2m2;N ¼ a2m2;Nþ1 ¼ a2m2;Nþ2 ¼    ¼ a2m2;Nþm3





















a2m2;Nþm1 ¼ a2m2;Nþm ¼    ¼ a2m2;2ðN1Þ












J. Oh, M. Cho / International Journal of Solids and Structures 44 (2007) 100–127 125These equations are of the form½AfSg ¼ ½B1ð/1Þ þ ½B2ð/2Þ þ ½C1ðr1;1Þ þ ½C2ðr1;2Þ þ ½C3ðr2;1Þ þ ½C4ðr2;2Þ
where [A]:2(N  1) · 2(N  1)[B1], [B1]:2(N  1) · 1 [C1], [C1]:2(N  1) · 1[S]:2(N  1) · 1fSg ¼ ½A1½B1ð/1Þ þ ½A1½B2ð/2Þ þ ½A1½C1ðr1;1Þ þ ½A1½C2ðr1;2Þ þ ½A1½C3ðr2;1Þ þ ½A1½C4ðr2;2Þ
ThereforeSðkÞc ¼ ðaðkÞÞxc /x þ ðbðkÞÞxc r1;x þ ðcðkÞÞxc r2;x
whereðaðkÞÞ11 ¼ kth row of ½A1½B1
ðaðkÞÞ21 ¼ kth row of ½A1½B2
ðaðkÞÞ12 ¼ ðN  1þ kÞth row of ½A1½B1
ðaðkÞÞ22 ¼ ðN  1þ kÞth row of ½A1½B2
ðbðkÞÞ11 ¼ kth row of ½A1½C1
ðbðkÞÞ21 ¼ kth row of ½A1½C2
ðbðkÞÞ12 ¼ ðN  1þ kÞth row of ½A1½C1
ðbðkÞÞ22 ¼ ðN  1þ kÞth row of ½A1½C2
ðcðkÞÞ11 ¼ kth row of ½A1½C3
ðcðkÞÞ21 ¼ kth row of ½A1½C4
ðcðkÞÞ12 ¼ ðN  1þ kÞth row of ½A1½C3
ðcðkÞÞ22 ¼ ðN  1þ kÞth row of ½A1½C4Appendix B. Equilibrium equation for transverse and normal shear stresses
The 3-D equilibrium equations are expressed asr11jx1 þ r12jx2 þ r13jx3 ¼ 0
r21jx1 þ r22jx2 þ r23jx3 ¼ 0









0 6 x1 6 L; 0 6 x2 6 2pRTransverse shear stress rh13i:r13jx3 ¼ r11jx1  r12jx2
r11j1 ¼ r11;1 þ C1k1rk1 þ C11kr1k ¼ r11;1 þ C131r31 þ C113r13 ¼ r11;1
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þ 1ðRþ x3Þ rh13i ¼ 0
rh13i;x3 þ
1
ðRþ x3Þ rh13i þ rh11i;x1 þ
R
ðRþ x3Þ rh12i;x2 ¼ 0
1
ðRþ x3Þ ððRþ x
3Þrh13iÞ;x3 þ rh11i;x1 þ
R
ðRþ x3Þ rh12i;x2 ¼ 0
rh13i ¼  1ðRþ x3Þ
Z
ðRþ x3Þrh11i;x1 þ Rrh12i;x2 dx3Transverse shear stress rh23i:r23jx3 ¼ r21jx1  r22jx2
r21jx1 ¼ r21;x1 þ C2k1rk1 þ C11kr2k ¼ r21;x1 þ C231r31 þ C113r23 ¼ r21;x1


































rh23i ¼  1ðRþ x3Þ3
Z













ðRþ x3Þ2 rh22i;x2 þ ðRþ x
3Þ3 RðRþ x3Þ rh21i;x1 dx
3
rh23i ¼  1ðRþ x3Þ2
Z
ðRþ x3ÞRrh22i;x2 þ ðRþ x3Þ2rh21i;x1 dx3Transverse normal stress rh33i:r33jx3 ¼ r31jx1  r32jx2
r31jx1 ¼ r31;x1 þ C3k1rk1 þ C11lr3l ¼ r31;x1
r32jx2 ¼ r32;x2 þ C3k2rk2 þ C22lr3l ¼ r32;x2 þ C322r22 þ C223r33
r33jx3 ¼ r33;x3 þ C3k3rk3 þ C33lr3l ¼ r33;x3






















33 þ r33;x3 ¼ 0
1
Rþ x3 ððRþ x




rh33i ¼  1ðRþ x3Þ
Z




rh33i ¼  1ðRþ x3Þ
Z
ððRþ x3Þrh31i;x1 þ Rrh32i;x2  rh22iÞdx3References
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